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The drag  and heat  t r a n s f e r  p rob l em has  been solved numer ica l ly ,  in the b o u n d a r y - l a y e r  ap-  
proximat ion ,  for  the l a m i n a r  flow of a gas with var iab le  p r o p e r t i e s  through an annular  chan-  
nel. 

Much at tention is nowadays p a i d  to the p r o b l e m s  o f  heat  t r a n s f e r  and drag  in the l amina r  flow of a 
gas with va r i ab le  p r o p e r t i e s  through annular  channels .  This  in te res t  has  been s t imulated la rge ly  by the 
fact  that heat  exchangers  in many modern  engineer ing appl icat ions  opera te  at high t e m p e r a t u r e s .  Inasmuch 
as  it is n e c e s s a r y  he re  to take into account  that the phys ica l  p r o p e r t i e s  of a gas  a re  functions of the t e m -  
p e r a t u r e ,  it is not poss ib le  to solve these p r o b l e m s  by c l a s s i ca l  methods.  Fo r  this reason ,  numer i ca l  
methods a re  used  instead.  Several  r e f e r e n c e s  can b e  cited where  hydrodynamic  and heat  t r a n s f e r  p rob-  
l e m s  have been solved by numer ica l  methods for  the l a m i n a r  flow of a gas with var iab le  p r o p e r t i e s  through 
c i r c u l a r  p ipes  [1, 2, 7]. The authors  know of no r e f e r e n c e ,  however ,  where  the d rag  and heat  t r a n s f e r  
p rob l em has  been solved for  the l am i na r  flow of a gas  with var iab le  p r o p e r t i e s  through an annular  channel. 

Fundamental  Equations.  In o rde r  to desc r ibe  the flow through pipes ,  one often uses  the boundary-  
l aye r  equations [1, 2, 5]. Here  the p rob l em of flow through an annular  channel will be solved in the bound- 
a r y - l a y e r  approximat ion.  In the b o u n d a r y - l a y e r  approximat ion ,  as is well  known, the t e r m s  rep resen t ing  
mo lecu l a r  heat  and axial  momen tum t r a n s f e r  a r e  omit ted  f rom both the energy  and the flow equation; it is 
a lso  a s sumed  that the radia l  p r e s s u r e  gradient  is smal l  in compar i son  with the axial  p r e s s u r e  gradient .  
While analyzing the resu l t s ,  we will evaluate  these omit ted  t e r m s .  

If one d i s r e g a r d s  the t e r m s  accounting for  energy  d iss ipa t ion  and a s s u m e s  that there, a re  no internal  
sources  of heat  in the s t r e a m ,  then the d imens ion les s  b o u n d a r y - l a y e r  equations for  the flow of a gas with 
va r i ab le  phys ica l  p r o p e r t i e s  in a ve r t i ca l  annual channel will be 
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and Ga 0 = 8gP~(R2-R1)3/M~ i s  the G a l i l e o  n u m b e r .  

If one c o n s i d e r s  an idea l  gas ,  then  one can  add to s y s t e m s  (1)-(3) a l s o  the equa t ion  of  s t a t e  

P = PRgasT. (4) 

The  b o u n d a r y  cond i t i ons  in d i m e n s i o n  t e s s  f o r m  a r e  de f ined  a s  fo l lows :  

x = 0 ,  & . ~ r . ~ & : u = l ,  v = 0 ,  H = I ,  0 = I ;  

N 
x > 0 ,  r = r l =  : u = v = 0 ,  (9 = 0 1 ,  H=H1;  

1 - - N  

l x>O,  r = r ~ =  u = v = 0 ,  @ = O , ,  H=H,, .  
" 1 - - N  - " 

T h u s ,  the p r o b l e m  is  so lved  fo r  b o u n d a r y  cond i t i ons  of the f i r s t  k ind  a t  the w a l l s  of an a n n u l a r  
channe l  and  fo r  u n i f o r m  v e l o c i t y  and t e m p e r a t u r e  p r o f i l e s  a t  the channe l  e n t r a n c e .  

C a l c u l a t i o n  P r o c e d u r e .  Equa t i ons  (1)-(4) wi th  the b o u n d a r y  c ond i t i ons  (5) w e r e  s o l v e d  n u m e r i c a l l y  
on a M i n s k - 2 2  d i g i t a l  c o m p u t e r  by  the s w e e p  m e t h o d  a c c o r d i n g  to the P a t a n k a r - S p a l d i n g  p r o c e d u r e  [3, 4]. 
The  m a i n  a d v a n t a g e  of th i s  p r o c e d u r e  i s  tha t  i t e r a t i o n s  can b e  avo ided .  Th i s  c o n s i d e r a b l y  s h o r t e n s  the 
m a c h i n e  t i m e  r e q u i r e d  fo r  so lv ing  the p r o b l e m .  As  the t r a n s v e r s e  c o o r d i n a t e  we u s e d  the d i m e n s i o n l e s s  
func t ion  w : 

(s) 

( 1 )  - -  *e -- *1 ' (6) 

w h e r e  ~b I and ~bE a r e  the v a l u e s  of the f low func t ion  a t  the in s ide  and a t  the o u t s i d e  b o u n d a r y  of the a n a l y z e d  
r e g i o n .  

With  the l o n g i t u d i n a l  c o o r d i n a t e  (x) f ixed ,  the f low func t ion  can  be  d e t e r m i n e d  f r o m  the con t inu i ty  
equa t ion :  

d~ = 9urdr. 

It m a y  be  a s s u m e d  tha t  a t  the i n s ide  wa l l  of an  a n n u l a r  channe l  the f low func t ion  ~b I = O. 

co = ~ / * E .  

S y s t e m s  (1)-(4) b e c o m e  in the x - w  c o o r d i n a t e s  (mod i f i ed  lVfises c o o r d i n a t e s ) :  

Then 

GaoPro (1 _ 1  ) 
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OH c; ( Mur 2 OH) 
Ox = O-d ~ \ %q?e O{o . 

The  f low func t ion  a t  the o u t s i d e  wa l l  wi l l  be  d e t e r m i n e d  by  i n t e g r a t i n g  (7): 

1 

~2~ = .[ purdg, 
o 

w h e r e  y is  the  d i m e n s i o n l e s s  d i s t a n c e  m e a s u r e d  f r o m  the i n s i d e  s u r f a c e  and 

N y 
~ o  r = r l q - g - -  l - - N q - Y '  Y =  R2- -Rt  

At  the i n s ide  s u r f a c e  of  an a n n u l a r  channe l  y~ = 0 (co = 0), a t  the o u t s i d e  s u r f a c e  Y2 = 1 (w = 1). 
any  h e a t  s o u r c e s  i n s i d e  the channe l  and wi thout  any d r a i n  of m a s s ,  ~b E = cons t .  
the  b a s i s  of (11), c o n s i d e r i n g  tha t  a t  the  channe l  e n t r a n c e  p = 1, u = 1: 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

Without  
One can  c a l c u l a t e  ~b E on 

l q - N  

2 ( l - - N )  
(13)  
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The re l a t ion  be tween  the d i m e n s i o n l e s s  flow function and the y coord ina te  will  be e s t ab l i shed  f r o m  the fol-  
lowing e x p r e s s i o n :  

Y g 

t" f dy 
o =  * 0 0 (14) 

~ .f 9urdy ~z 
0 

The m a i n  diff icul ty  in so lv ing  the p r o b l e m  ins ide  a channel  is to d e t e r m i n e  the local  p r e s s u r e  g rad ien t  
dp /dx  along the channel  axis .  Spalding has  deve loped  a g e n e r a l  and r a t h e r  s imple  p r o c e d u r e  for  d e t e r m i n -  
ing dp /dx  by which i t e r a t ions  can be avoided.  The p r e s s u r e  g rad ien t  is d e t e r m i n e d  f r o m  the equ i l ib r ium 
c o n s e r v a t i o n  m o m e n t u m ,  which fo r  an annu la r  channel  can  be wr i t t en  as  fo l lows:  

R2 

f dP d.fl_ 2nR PU2dR 4-. n (R~ - -  R~) ~ -  4- 2~ (r~T~ -~ r2v~) = O. (15) 
d X .  ' ' 

R1 

We t r a n s f o r m  (14) and r e w r i t e  it in d i m e n s i o n l e s s  fo rm:  

d p _  2Pr o N~xl 
dx 14, . N ~,~y ] ~ ' '  Oy ~ 1+ N 

r2 

" d-x . 9u2rdr" 
r l  

(16) 

In o r d e r  to avoid i t e r a t i ons  in ca lcu la t ing  the p r e s s u r e  g rad ien t ,  we in t roduce  a c o r r e c t i o n  (in a c -  
c o r d a n c e  with Spalding 's  concep t s  [5]) to account  fo r  the poss ib i l i t y  of the s t r e a m  e i the r  not f i l l ing the en-  
t i re  channel  sec t ion  o r  spi l l ing  ove r  the ou te r  b o u n d a r y  - if dp /dx  has  not been  d e t e r m i n e d  accu ra t e ly .  
The magni tude  of this c o r r e c t i o n  depends  on the d i f f e rence  be tween  the t rue  sec t ion  a r e a  and the ca lcu la ted  
sec t ion  a r e a  c o v e r e d  by the s t r e a m .  In the f inal  f o rm,  the e x p r e s s i o n  for  the p r e s s u r e  g rad ien t  b e c o m e s  

dp 2Pr~ N~xl \Oy ~ ~Pe x a - - x .  A . ( x e - - x ~ )  dx 1 - -  N OY 1--  ~t2 . . . .  , 2 ' 

with m = (1 -N) / (1  + N)deno t ing  the d i m e n s i o n l e s s  m a s s  f l o w r a t e  a tong the  channel ,  A d = 1 / ( 1 - N ) 2 - N 2 / ( 1 - N )  2 
denot ing the d i m e n s i o n l e s s  t rue  a r e a  of a channel  c r o s s  sec t ion ,  A u = (N/ (1-N)  + y27)2-N2/(1-N) 2 denot ing 

27 

the ca leu la ted  d i m e n s i o n l e s s  a r e a ,  and k = [0iu~(N/( l -N)  + Yi) + P i - l u i - l ( N / ( l - N )  + Yi-t)](Yi-Yi-I  ) /2  
i = 1  

denot ing the in t eg ra l  sum which d e t e r m i n e s  the k ine t ic  e n e r g y  of the s t r e a m  (for the pu rpose  of ea l eu la -  
t ions ,  the d i s tance  f r o m  the ins ide to the outs ide  wall  was  subdivided into 27 s teps) .  

F u r t h e r m o r e ,  the "h i s t o r i c a l  weighing" technique [5] was  used  in the de t e rmina t i on  of dp/dx.  Ca lcu -  
la t ions  w e r e  made  h e r e  fo r  h y d r o g e n  t r e a t e d  as  an ideal  gas .  The ef fec t  of p r e s s u r e  changes  on the p r o p -  
e r t i e s  of the gas  was  d i s r e g a r d e d .  

The Suther land f o r m u l a  

84.4 
1 4 " - -  

_ T~ 03/2 (18) 
0 4-, .84,4 

To 

was  used  fo r  ca lcu la t ing  the dynamic  v i s c o s i t y  as  a funct ion of  the t e m p e r a t u r e .  The Jacob  f o r m u l a  [6] 
was  used  fo r  e x p r e s s i n g  the t h e r m a l  conduc t iv i ty  as  a funct ion of  the t e m p e r a t u r e :  

= ~-o +247 .10  -6 O (T o 4-. 83) 1#0-- 
(19) 

( T o +  ~ - ) ( T ~  4"247"10-6) 

The  spec i f i c  hea t  was  a p p r o x i m a t e d  by a l i nea r  funct ion of  the t e m p e r a t u r e :  

% = 1 4-.-.98,3.10 -6 (ToO --273,2). (20) 

The d i m e n s i o n l e s s  enthaipy was  d e t e r m i n e d  f r o m  the r e l a t ion  

O 

H - -  1 = .i' cpdO. (21) 
0 
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The r e s u l t s  of hea t  t r a n s f e r  c a l cu l a t i ons  were  o r g a n i z e d  in t e r m s  of the Nusse l t  n u m b e r  b a s e d  on the 

m e a n - m i x e d  t e m p e r a t u r e  

Nu 1 -- 2ql , 
(oi - -  0 m) 

where 

The m e a n - m i x e d  t e m p e r a t u r e  |  was d e t e r m i n e d  f r o m  the m e a n - m i x e d  entha lpy  Hm: 
! ! 

.f  ,,mdy (. p  ,-ey 
o o 

] ~ I m =  1 1~ E 

.i" purdy 
o 

The hyd rau l i c  d r ag  coef f ic ien t  was ca l cu l a t ed  a c c o r d i n g  to the f o r m u l a  

2 d  e . dP 

= - -  PmUrn " d X  

or  in the d i m e n s i o n l e s s  form: 

(22) 

(23) 

(24) 

(2s) 

~Rem = 8 . d p .  (26) 
Um~t m Pr o dx 

The c a l c u l a t i o n s  were  made  for  a hydrogen  t e m p e r a t u r e  T o = 293.2~ at  the channe l  e n t r a n c e .  The t e m -  
p e r a t u r e  of the i n s ide  su r f ace  of the a n n u l a r  channe l  was 440, 1273, and 1773~ (| = 1.5, 4.342, and 
6.047, r e spec t i ve ly )  and the t e m p e r a t u r e  of i ts  ou ts ide  su r f a c e  was 323.2~ (@2 = 1.102). 

A n a l y s i s  of the Ca lcu la t ed  R e s u l t s .  The ca l cu l a t ed  loca l  v a l u e s  of the N usse i t  n u m b e r  and of the 
h y d r a u l i c  d r ag  coef f ic ien t ,  as  wel l  as  the de ve l opme n t  of l ong i tud ina l  t e m p e r a t u r e  and ve loc i ty  f ie lds  a r e  
shown in F ig s .  1-4.  The effect  of changes  in the p r o p e r t i e s  on the Nusse l t  n u m b e r  is  l i m i t e d  to the i n i t i a l  
hea t ing  r ange ,  while  no a p p r e c i a b l e  change in the r e f e r r e d  length  of this  r ange  is noted.  The loca l  v a l u e s  
of the Nusse i t  n u m b e r  beyond the in i t i a l  hea t ing  r a nge  a r e  c lose  to those for  a gas with cons t an t  p r o p e r t i e s  
(Fig.  1). Within  the i n i t i a l  r ange  the Nusse l t  n u m b e r  is  somewha t  h ighe r  than for  a flow with cons t an t  
p r o p e r t i e s  at  ve ry  s m a l l  r e f e r r e d  l eng ths  (x < 0.01) and somewha t  lower  than for  a flow with cons t an t  p r o p -  
e r t i e s  at l a r g e r  r e f e r r e d  lengths  (x > 0.1). As the d i m e n s i o n l e s s  t e m p e r a t u r e  at the in s ide  wal l  r i s e s ,  the 
Nusse l t  n u m b e r  for  s m a l l  r e f e r r e d  l eng ths  i n c r e a s e s .  It i n c r e a s e s  a l so  as the ra t io  of ins ide  r a d i u s  to 
ou ts ide  r a d i u s  of an a n n u l a r  channe l  d e c r e a s e s .  

I 0 ~  

! 

2 4, 5 8 lff j 

.g 

g cx 

Fig .  1. Va r i a t i on  of the Nusse l t  n u m b e r  a t  the ins ide  
su r f ace  of an a n n u l a r  channe l :  1) N = 0.2, | = 4.342; 
2) N = 0.2 and  cons t an t  p r o p e r t i e s  - dashed  l ine ;  3) 
N =  0.8, | = 6.047; 4) N = 0.8, | = 4.342; 5) N = 0.8 
and c o n s t a n t  p r o p e r t i e s  - dashed  l ine ;  6) ~ m  for  N 
= 0.8, | = 4.342. 
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Fig. 2. Development of temperature prof i les (a) and ve- 
loci ty prof i les (b): 1) x = 0; 2) 0.0013; 3) 0.04 (dashed 
line for constant propert ies) ;  4) 0.082; 5) 0.146; 6) 0.49. 

/d~ 3 4 

I f 2 3 z,, 5 6 z~8 9 z, ~ 
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i_~// / X I 
I I  i " I ~I z, 
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56 e r a  "z s ~ 5 6 8 l~' 3 4 x  

Fig. 3. Change in streamlines along a chan- 
nel: l) w :@/~E : 0.0128; 2) 0.0512; 3) 0.i; 
4) 0.25; 5) 0.4; 6) 0.55; 7) 0.7; 8) 0.85; 9) 
0.95; 10) 0.99. 

During a flow with variable proper t ies  the t empera-  
ture gradient at the inside hot surface is smal le r  than 
during a flow with constant proper t ies  (Fig. 2a). This de- 
c r ease  can be explained by the more  intensive heating of 
the s t r eam as a resul t  of the sharp decrease  in its d e n -  
sity within the boundary layer.  The s t reamlines  deflect 
f rom the inside wall toward the main s t ream,  i .e . ,  an 
"overflow" of gas into the main s t ream takes place (Fig. 
3). In this study, with the par t icu lar  sys tem of coordi-  
nates (x-w), the problem of specially determining the 
t r ansverse  velocity component was not considered. The 
data in Fig. 3, which represent  the change in the s t r eam-  
lines along the channel, indicate direct ly  the effect 
of the t r ansver se  velocity component and of the gas 
"overflow" into the main s t ream.  The s t reaml ines  

are  not deformed beyoad the initial range, i . e . ,  the radial  velocity component asymptot ical ly  approaches 
zero. 

The velocity gradients at the walls are  much l a rge r  in a flow of a gas with variable proper t ies  (Fig. 
2b), which br ings  about a higher dynamic viscosi ty  and also an appreciably higher frict ion drag. For  this 
reason,  the values of the hydraulic drag coefficient are  very  different here  than in the case of a flow with 
constant proper t ies .  This difference increases  as the wall t empera ture  r i ses  (Fig. 4). 

The resul ts  obtained here  are  in qualitative agreement  with the resul ts  of heat t ransfer  calculations 
for the laminar  flow of a gas with variable proper t ies  through a c i rcu la r  pipe [1, 2]. The physical  aspects  
of this p rocess ,  on the basis  of which one can explain the variat ion of the Nusselt  number for  the laminar  
flow with variable p roper t i es  through a c i r cu la r  pipe, have been thoroughly descr ibed in [1, 2]. The data 
in Figs.  1-4 lead one to conclude that the identical p r o c e s s e s  occur  in the laminar  flow of a gas with va r i -  
able p roper t i es  through an annular channel. 

~Rem i I l 
a 
6 " ~  

--.... 

102 . . . . . . . . . . . . . . . .  - -  T 

8"/0 -s 2 '4 6 8 /0  g 4, 6 8 /0 Z # 6 8 x 

Fig. 4. Variation of the hydraulic drag coefficient along an 
annular channel (N = 0.8): 1) constant proper t ies ;  2) @l 
= 4.342 (dashed line for i so thermal  steady flow). 
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On the b a s i s  of t h e s e  r e s u l t s ,  we have  e v a l u a t e d  the t e r m s  which  account  fo r  the m o l e c u l a r  hea t  and 
m o m e n t u m  t r a n s f e r  in the  a x i a l  d i r e c t i o n .  

The  r a t i o  of m o l e c u l a r  t r a n s f e r  to c o n v e c t i v e  t r a n s f e r  a long  the ax i s  i s  d e t e r m i n e d  in d i m e n s i o n l e s s  
c o o r d i n a t e s  f r o m  the fo l lowing  r e l a t i o n s :  

0"~ - I  (27) 

pe 2 " Ox Ox pu Ox ) 

An e v a l u a t i o n  of the quan t i t i e s  in e x p r e s s i o n s  (27) and (28) fo r  x = 0.0Ol,  N = 0.8, and | = 4.342 has  
y i e l d e d  fo r  the  r e l a t i v e  m o l e c u l a r  m o m e n t u m  t r a n s f e r  a long  the channe l  ax i s  2.744" 103/pe~,  and m o l e c u l a r  
h e a t  t r a n s f e r  2t. 103/pe~.  K one a s s u m e s  tha t  th is  f r a c t i o n  cannot  be  g r e a t e r  than 2%, then Pe  0 = 450 ( r e -  
f e r r e d  to the m o l e c u l a r  h e a t  t r a n s f e r  a long  the a x i s ) .  The  m i n i m u m  va lue  of  x a t  which  the c a l c u l a t e d  r e -  
s u l t s  b e g i n  to b e c o m e  v a l i d  wi l l  be found f r o m  the r e l a t i o n  

4Pe~ (29) 
x = Pe-~0 

The  r a d i a l  p r e s s u r e  g r a d i e n t  has  not  b e e n  e v a l u a t e d ,  b e c a u s e  it i s  u s u a l l y  n e g l i g i b l y  s m a l l  a s  c o m p a r e d  
to the a x i a l  p r e s s u r e  g r a d i e n t ,  and the m i n i m u m  a l l o w a b l e  v a l u e  of the P e c l e t  n u m b e r  Pe  0 i s  d e t e r m i n e d  
m a i n l y  by  the r e l a t i v e  m o l e c u l a r  hea t  and m o m e n t u m  t r a n s f e r  in the  a x i a l  d i r e c t i o n .  

N O T A T I O N  

X is  the a x i a l  c o o r d i n a t e  a long  the s t r e a m ;  
R i s  the r a d i a l  c o o r d i n a t e ;  
M is the dynamic viscosity; 
P is the ,density; 
Rgas is the gas constant; 
N = R t / R  2 i s  the p a r a m e t e r  c h a r a c t e r i z i n g  the g e o m e t r y  of  an a n n u l a r  channe l ;  
Pe  x = UoXao ~ i s  the P e c l e t  n u m b e r  a long  the a x i a l  c o o r d i n a t e ;  
Re m is  the R e y n o l d s  n u m b e r  wi th  r e s p e c t  to m e a n - m i x e d  t e m p e r a t u r e .  
O the r  s y m b o l s  a r e  conven t iona l .  

S u b s c r i p t s  

0 denotes the channel entrance; 

I denotes the inside wall of the channel; 

2 denotes the outside wall of the channel; 

m denotes the mean-mixed value; 

u denotes preceding in the flow; 

d denotes succeeding in the flow. 

1~ 

2. 
3. 
4. 

5, 

6. 

7. 
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